Abstract: The goal of the paper is to give characterization of closed connected manifolds which admit a global multisympletic 3-form of some algebraic type. A generic type of such 3-form is equivalent to a G 2 -structure. This is the most interesting case and was solved in [Gr]. Some other algebraic types were solved quite recently. In this paper we give characterization in the remaining cases.
Introduction
We call a 3-form ω ∈ Λ 3 ((R 7 ) * ) multisymplectic iff the map
is injective. There are eight orbits of multisympletic forms under the natural action of GL(7, R) on Λ 3 ((R 7 ) * ). We will denote preferred representatives of the orbits by ω i , i = 1, . . . , 8. Let us denote the stabilizer of ω i by O i and a maximal compact subgroup of O i by K i . The connected component of identity of K i is denoted by K 0 i . Let M be a 7-dimensional closed connected manifold and let ρ ∈ Ω 3 (M ) be a global 3-form. We say that ρ is of algebraic type i = 1, . . . , 8 if ∀x ∈ M there exists a basis of T * x M at the point x such that the 3-form ρ(x) ∈ Λ 3 (T *
x M ) belongs to the i-th orbit of the multisymplectic forms. This notion clearly does not depend on a choice of frame. The main goal of this paper is to give topological restrictions on M to admit a global 3-form of a given algebraic type. We will need the following observations.
A global 3-form of the i-th algebraic type on the manifold M is equivalent to a reduction of structure group of the tangent bundle T M of M to K i . The first goal is to find maximal compact subgroups K i . The groups O i were given in [BV] . Without loss of generality we may take K i := O i ∩ O(7). This is the content of the first part of this paper.
Topological conditions on manifolds which admit a global 3-form of a given algebraic type is given in the second part. Solved cases include the algebraic types 3, 5 and 8. The type 8 is the first solved case and is equivalent to a G 2 -structure. The manifold M admits such structure iff M is orientable and admits a spin structure. This is originally a result of [Gr] . The type 5 was solved in [Le] . It turns out that the case 5 is equivalent to the case 8. We show that the cases 5, 8 are equivalent to the cases 6, 7. We use similar ideas as in the paper [Le] . The type 3 was solved in [D] using techniques introduced in [Th] . We use the same machinery to handle remaining cases with additional assumption on orientability or simple connectedness of manifolds. These are the theorems 9-11. The last section consists of lemma needed in the two first chapters.
I would like to thank Martin Doubek who got me introduced me to the subject. I would also like to thank H.-Vân Lê, M.Čadek, P. Somberg for consultations.
Notation
Notation for the first chapter. We denote the space R 7 by V and the standard basis by {e 1 , . . . , e 7 }. We will denote the dual basis by {α 1 , . . . , α 7 }. Let us denote by v 1 , . . . , v i the linear span of vectors v 1 , . . . , v i . We will denote the stabilizer of the preferred multisymplectic 3-form ω i by O i , its maximal compact subgroup by K i and the connected component of K i is denoted by K Notation for the second chaper. We will denote by ρ i , resp. η i , resp. ξ i a real, resp. a complex, resp. a real trivial bundle of dimension i. We will denote by w i (ρ j ), resp. c i (η j ), resp. p i (ρ j ), resp. e(ρ j ) the i-th Stiefel-Whitney, resp. the i-th Chern, resp. the i-th Pontryagin class, resp. the Euler class of the corresponding bundle. We denote null-homotopic maps by * .
0.2 Multisymplectic 3-forms.
0.2.1 The 3-form ω 1 .
A representative of the orbit is
Let us denote by V 1 = e 7 , V 2 1 = e 3 , e 4 , V 2 2 = e 5 , e 6 , V
The following statements were proved in [BV] .
• ϕ preserves the subspace V 1 .
• ϕ induces an automorphism of W 2 1 ⊕ W 2 2 such that:
We define a map sgn : O 1 → Z 2 by sgn(ϕ) = 1 if the first possibility holds and sgn(ϕ) = −1 if the latter condition holds. We call sgn(ϕ) the sign of ϕ. Clearly the map sgn is a group homomorphism.
• The stabilizer O 1 of ω 1 is isomorphic to a semi-direct product
such that:
-The first semi-direct product is given by the homomorphism sgn.
2 ) is surjective. -The group N consists of transformations of the form Id V + ϕ 1 + ϕ 2 where
In particular, with respect to usual convention, any element of N is an upper triangular matrix.
Let us define an embedding
where GL(2, R) acts naturally on V
Let us denote the image of GL(2, R) × GL(2, R) under ρ by GL(2, R) 2 2,2 . Lemma 1. The group GL(2, R) ). Now it is easy to find a maximal compact subgroup K 1 . From the lemmas 9., 8. and the description of N given above follows that K 1 is a semi-direct product of a maximal compact subgroup of GL(2, R) 2 2,2 and Z 2 . A maximal compact subgroup of GL(2, R) 2 2,2 is the group O(2) × O(2). A splitting of the group Z 2 of the homomorphism sgn is given for example by the transformation e 1 → e 2 , e 2 → e 1 , e 3 → e 5 , e 4 → e 6 , e 5 → e 3 , e 6 → e 4 , e 7 → −e 7 (5)
of the group defined (4) and the transformation given in (5). In particular K 1 is a subgroup of SO(7).
0.2.2 The 3-form ω 2 .
A representative chosen with respect to a basis {e 1 , . . . , e 7 } in [BV] is
Let us work with a basis {f 1 , . . . , f 7 } which is given by
f 2 = −e 5 + e 6 f 3 = −e 5 − e 6 + e 7 √ 2f 4 = −e 1 − e 4 √ 2f 5 = −e 2 + e 3 √ 2f 6 = −e 2 − e 3 √ 2f 7 = −e 1 + e 4 .
Let us denote by {β 1 , . . . , β 7 } the dual basis to {f 1 , . . . , f 7 }. A new 3-form ω 2 in the orbit of ω 2 is
We will give a description of a maximal compact subgroup of the stabilizer O 2 := Stab(ω 2 ). Let us denote by V 3 = f 1 , f 2 , f 3 , V 4 = f 4 , . . . , f 7 , W 4 = V /V 3 . We notice that
3-form ω 5 is the 3-form in the orbit of ω 5 given by the formula (41) with respect to the basis {i, j, k, e 4 , e 4 i, e 4 j, e 4 k|i, j, k ∈H} ofÕ. This leads to the following observation.
Lemma 2. The groupSL(2, R) 2 3,4 given in the formula (44) is a subgroup of K 2 . Proof: Let g ∈SL(2, R) 2 3,4 . From the formula (44) follows that g
Lemma 3. There is an isomorphism
where:
• The group L consists of endomorphisms of the form Id V + ϕ where ϕ : V 4 → V 3 .
Proof: In [BV] is given an isomorphism
Thus we have to verify isomorphism between the semi-direct product Spin(1, 2) SO(1, 2) given in [BV] and the groupSL(2, R)
where i, j, k are given in (34) and 1 2 ∈ GL(2, R) is the identity matrix. This also identifies
• A standard quadratic form 2 of signature {+, −, −} on V 3 is invariant under g.
• A standard quadratic form 3 of signature {+, +, −, −} on V 4 is invariant under g.
• if g = (1 2 , a), compare to the formula (44), then g commutes with the image of the map
ThusSL(2, R) 2 3,4 satisfies all the conditions which define the semi-direct product Spin(1, 2) SO(1, 2) inside O 2 .
From the lemmas 9., 8. and the description of L given above follows that K 1 is a semi-direct product of a maximal compact subgroup ofSL(2, R) 
One can verify that a transformation
gives a splitting of a maximal compact subgroup Z 2 of R * of the map g ∈ O 2 → det(g| V3 ). Thus we have the following characterization of K 2 .
Theorem 2. The group K 2 has four components and is generated by the connected component of the identity K 0 2 given in the formula (46) and the transformations given in (10) and (11).
The 3-form ω 3 .
A representative is
Let us denote by V 1 = e 1 , V 6 = e 2 , . . . , e 7 . Then from [BV] we have that:
• Any element ϕ ∈ O 3 preserves the subspace V 6 .
• The 3-form ω 3 induces a symplectic structure on V 6 .
• The stabilizer O 3 is isomorphic to a semi-direct product
where -The group CSp(3, R) is isomorphic to the cokernel of O 4 under the homomorphism g ∈ O 4 → g| V6 ∈ End(V 6 ).
-The group N consists of the endomorphisms of the form Id V + ϕ where ϕ :
The connected component of the identity K 0 3 is isomorphic to a maximal compact subgroup U(3) of Sp(3, R). The other component contains for example the transformation e 1 → −e 1 , e 2 → e 2 , e 3 → −e 3 , e 4 → e 4 , e 5 → −e 5 , e 6 → e 6 , e 7 → −e 7 .
Theorem 3. The group K 2 has two components and is generated by the connected component of the identity of the identity which is isomorphic to a maximal compact subgroup U(3) of Sp(3, R) and the transformation given in (14).
The 3-form ω 4 .
Let us denote by V 1 = e 1 , V 3 = e 5 , e 6 , e 7 , U 3 = e 2 , e 3 , e 4 , V 6 = e 2 , . . . , e 7 , W 3 = V 6 /V 3 , W 1 = V /V 6 . Then from [BV] we have that:
• Any element ϕ ∈ O 3 preserves the subspaces V 3 , V 6 .
• The 3-form ω 3 induces a symplectic structures on V 6 and a volume form on W 3 .
• The stabilizer is isomorphic to a semi-direct product
where
-The group N consists of endomorphisms of the form Id V + ϕ 1 + ϕ 2 where
Let us define
where SO(3) acts naturally on V 3 , U 3 ∼ = R 3 with respect to the preferred basis given above. Let us denote the group φ(SO(3)) by SO(3) 3,3 .
Lemma 4. The group SO(3) 3,3 given in (18) is a subgroup of O 4 .
Proof: Let g ∈ SO(3) 3,3 . We have to check that:
The first point is straightforward since g restricted to U 3 is a volume preserving transformation. The second point follows from the following computation. Let us denote by ω = α 2 ∧ α 5 + α 3 ∧ α 6 + α 4 ∧ α 7 . Then we can write
where g is the standard scalar product on V 6 with respect to the basis {e 2 , . . . , e 7 } and J is the complex structure on V 6 with the block matrix representation
where all the block matrices are of rank 3 × 3. The lemma follows from the matrix identity q T J T q = J T for any q ∈ SO(3) 3,3 . The group SO(3) 3,3 gives a splitting of a maximal compact subgroup of (17). From the lemmas 9. 8. and the description of N follows that a maximal compact subgroup K 4 is isomorphic to a semi-direct product SO(3) 3,3 Z 2 . The connected component of the identity is isomorphic to SO(3) 3,3 . The other component of K 4 contains for example the transformation e 1 → −e 1 , e 2 → e 2 , e 3 → e 3 , e 4 → e 4 , e 5 → −e 5 , e 6 → −e 6 , e 7 → −e 7 .
Theorem 4. The group K 4 has two components and is generated by its connected component of the identity SO(3) 3,3 and the transformations given in (19).
The 3-form ω 5 .
A preferred representative is
Maximal compact is SO(4) 3,4 inG 2 , see [Le] . The 3-form ω 5 is given by the multiplication of O ∼ =H ⊕H with respect to the basis
0.2.6 The 3-form ω 6 .
Let us choose a representative
A 3-form ω 6 used in [BV] is related to ω 6 by the formula ω 6 = (g −1 ) * ω 6 where g : V → V is given by g(e 3 ) = −e 7 , g(e 7 ) = e 3 , g(e 5 ) = −e 5 , g(e 6 ) = −e 6 , g(e i ) = e i , i = 1, 2, 4.
Let us denote by V 1 = e 3 , V 2 = e 1 , e 2 , V 3 = V 1 ⊕ V 2 , V 4 = e 4 , . . . , e 7 , W 4 = V /V 3 . Let U(1) 3 be the subgroup of diagonal matrices of the unitary group SU(2) and let U(1) 3 × Z2 SU(2) be the natural subgroup of SO(4) 3,4 ⊂G 2 below the formula (42).
Lemma 5. The group U(1) 3 × Z2 SU(2) = {g ∈ SO(4) 3,4 |g * (α 3 ) = α 3 } is a subgroup of K 6 .
Proof: We have that ω 6 − α 3 ∧ (α 4 ∧ α 7 − α 5 ∧ α 6 ) =ω 5 , whereω 5 is the 3-form in the orbit of ω 5 given by the formula (41) with respect to the basis {i, j, k, e 4 , ie 4 , je 4 , ke 4 |i, j, k ∈ H} ofÕ as in the formula (37). Let g ∈ SO(4) 3,4 , then g * (ω 6 ) =ω 6 and g
for some two forms β 1 , β 2 ∈ Λ 2 V 4 . Comparing this to g * (ω 6 ) =ω 6 we obtain that
This proves that g * (ω 6 ) = ω 6 .
Lemma 6. The connected component of K 6 is isomorphic to U(1) 3 × Z2 SU(2).
Proof: From [BV] we have an isomorphism
• the group R * is the cokernel of O 6 under the homomorphism g ∈ O 6 → det(g| V2 ).
• the group L consists of transformations of the form Id + ϕ 1 + ϕ 2 where
We have that the group U(1) 3 × Z2 SU(2) satisfy the following conditions:
• The subgroup U(1) 3 operates with respect to the standard scalar product on V 2 as orthogonal transformations.
• The subgroup SU(2) commutes with the image of the map λ : V 3 → End(W 4 ) given in [BV] .
Comparing this to [BV] , we deduce that U(1) 3 × Z2 SU(2) is a splitting of a maximal compact subgroup of SL(2, C) SO(2). The rest is a consequence of the lemma 9, description of L and the formula (23). From the lemma 9. follows that K 6 ∼ = (U(1) 3 × Z2 SU(2)) Z 2 . Thus to complete the description of K 6 , we have to find an element g ∈ K 6 which does not belong to the connected component of the identity. Such element is for example the transformation e 1 → e 2 , e 2 → e 1 , e 3 → −e 3 , e 4 → e 4 , e 5 → e 6 , e 5 → e 6 , e 7 → −e 7 .
Thus we can formulate the following theorem.
Theorem 5. The group K 6 is generated by the connected component of the identity which is equal to U(1) 3 × Z2 SU(2) defined in the lemma 5. and the transformation (25). In particular K 6 ⊂ SO(4) 3,4 .
The 3-form ω 7 .
Let us choose a 3-form
The 3-form ω 7 used in [BV] is related to ω 7 by the formula ω 7 = (g −1 ) * ω 7 where g : V → V is given by g(e 1 ) = −e 4 , g(e 2 ) = −e 7 , g(e 3 ) = e 5 , g(e 4 ) = −e 6 , g(e 5 ) = e 3 , g(e 6 ) = −e 1 , g(e 7 ) = e 2 .
Let us denote by V 3 the span e 1 , e 2 , e 3 and by V 4 the span e 4 , . . . , e 7 . Let us denote by
Proof: We notice that
where ω 8 is the 3-form (29). This implies that SO(4) 3,4 ⊂ K 7 . We now show also the opposite inclusion. The equation (27) naturally leads to an isomorphism V ∼ = ImH ⊕ H ∼ = I, O given by e 1 → (i, 0), e 2 → (0, 1), e 3 → (0, i), e 4 → (j, 0), e 5 → (k, 0), e 6 → (0, j), e 7 → (0, k).
This implies that
• The action of SO(4) 3,4 restricted to V 3 is orthogonal with respect to the standard scalar product.
• The action of the subgroup 1 × SU(2) ⊂ SO(4) 3,4 on V 4 commutes with the image of λ :
This observation together with the lemma (9) and [BV] gives that SO(4) 3,4 is a splitting of a maximal compact subgroup of O 7 .
The 3-form ω 8 .
This is a well known case. A representative is
The stabilizer is the exceptional compact 14 dimensional Lie group O 8 ∼ = G 2 . The 3-form ω 8 is given by the standard multiplication table given by the Cayley-Dickinson construction.
0.3 Manifolds admitting a global multisymplectic 3-form of one type.
We will first consider the global 3-forms of type 5, 6, 7, 8. The known implications in the following theorem are 1 ↔ 2, which is result of [Gr] , and 2 ↔ 3 which was proved in [Le] . We use similar argument as in [Le] to prove also the remaining implications. The case 3 was solved in [D] . The method used in [D] is based on computing Postnikov invariants. The method is explained in [Th] . We use the same approach to handle the remaining cases.
0.3.1 Global 3-forms of type ω 5 , ω 6 , ω 7 , ω 8 .
Theorem 7. Let M be a closed connected 7-dimensional manifold. Then the following are equivalent:
1. M is orientable and spinnable.
2. M admits a global 3-form of algebraic type 8.
3. M admits a global 3-form of algebraic type 5.
4. M admits a global 3-form of algebraic type 6.
M admits a global 3-form of algebraic type 7.
Proof: (1)↔(2) is given in [Gr] . (2)↔ (3) is given in [Le] . (2)↔ (4)↔(5). From the theorem 12. and the remark 1. given below the theorem follows that a G 2 -structure implies SU(2) 0,4 -structure where SU(2) 0,4 is the subgroup SU(2) ∼ = 1 × SU(2) ⊂ SO(4) 3,4 where SO(4) 3,4 is given by the formula (42). Thus G 2 -structure implies also reduction to all subgroups which contain SU(2) 0,4 . We have proved that SU(2) 0,4 ≤ K 7 , K 6 ≤ G 2 . The rest follows from the theorem 13.
A global 3-form of type ω 4 .
We will consider only the orientable case. We first prove the following observation.
Lemma 7. Let M be an orientable 7-dimensional closed connected manifold such that M admits a global 3-form of type 4. Then M admits a reduction to U(1).
Proof: By assumption M admits a reduction to K 4 ∩ SO(7) = SO (3) 4 is trivial and thus the bundle admits a SU(3)-structure. By a result of Thomas, see [T] , M has two everywhere linearly independent sections and thus the bundle (ρ 2 ) and in particular J is a complex anti-linear isomorphism of these two line bundles.
Let us denote the subgroup in the lemma 7. isomorphic to U(1) by L 4 . An inclusion L 4 → SO(7) factors through L 4 → SU(2) → SO(7). The long exact sequence for the homotopy groups of the principal fibration L 4 → SO(7) → Q 4 yields that the homotopy groups of Q 4 = SO(7)/L 4 are π 1 (Q 4 ) ∼ = Z 2 , π 2 (Q 4 ) ∼ = Z ∼ = π 3 (Q 4 ) and are trivial for 7 > i > 3 and i = 0. Thus from the lemma 11. follows that it is sufficient to find a lift of f : M → BSO (7) to BL 4 over a 4-skeleton M 4 of M where f is the tautological map. Let us factor the fibration p : BL 4 → BSO (7) into fibrations BL 4 → BSU(2) → BG 2 → BSO(7). Recall that there exist a lift of f to BSU(2) iff w 2 (M ) = 0. Let us build a Postnikov tower for a fibration q : BL 4 → BSU(2). We have that SU(2)/L 4 ∼ = S 2 and thus we have
Here the map h has to be a homotopy equivalence BL 4 ∼ = K(Z, 2) such that h * (α) = c 1 where Theorem 8. Let M be a closed orientable manifold. Then M admits a global 3-form of algebraic type 4 iff w 2 (M ) = 0 and there exist a class e ∈ H 2 (M, Z) such that e 2 = 1 2 p 1 (M ). Proof: Let us assume that w 2 (M ) = 0 and that M is orientable. Then the tangent bundle T M of M is isomorphic to η 4 ⊕ξ 3 where ξ 3 is trivial 3-dimensional bundle and η 4 has a SU(2)-structure. Then −2c 2 (η 4 ) = p 1 (M ). As we have argued above, the bundle η 4 decomposes as a sum of two complex line bundles iff ∃ e ∈ H 2 (M, Z) such that −e 2 = c 2 (η 4 ).
A global 3-form of type ω 3 .
This was solved in [D] .
Theorem 9. Let M be an orientable closed connected 7-dimensional manifold. Then M admits a global 3-form of type 3 iff β(w 2 (M )) = 0.
0.3.4 A global 3-form of type ω 2 .
We will consider reduction to the connected component of the identity of K 2 . Explicit realization of K 0 2 is given in the formula (46). In particular we see that BK 0 2 is an Eilenberg-MacLane space K(Z × Z, 2). In particular H 2 (BK 0 2 , Z) ∼ = Z × Z and is generated by the Euler classes of two 2-dimensional bundles of the tautological bundle corresponding to the subgroups (θ) 2 , (ρ) 2 in the formula (46). Let us denote these generators by α, β.
The homotopy groups π i (SO(7)/K 0 2 ) are zero for 4 < i < 7. From the lemma 11., as in the case of ω 4 , follows that it suffices to consider Postnikov invariants up to dimension four. The group K 0 2 is a subgroup of G 2 and thus the necessary condition is w 2 (M ) = 0. The group K 0 2 is also a subgroup of SU(3). Let us denote by Q 2 the homogeneous space
Theorem 10. Let M be a 7-dimensional closed simply connected and connected manifold. Then M admits a global 3-form of type ω 2 iff w 2 (M ) = 0 and there exist classes e, f ∈ H 2 (M, Z) such that e 2 + f 2 + ef = 1 2 p 1 (M ). Proof: First we easily find that q * :
This gives the theorem.
0.3.5 A global 3-form of type ω 1 .
We will consider reduction to the connected component of the identity of K 1 . The connected component of the identity K 0 1 is isomorphic to the two dimensional torus T 2 . In particular BK 0 1
is an Eilenberg-MacLane space K(Z × Z, 2). Let us denote by α, β the Euler classes of the two 2-dimensional vector bundles of the tautological bundle. The non-trivial i-th homotopy groups for i < 7 of the quotient Q 1 := SO(7)/K 0 1 are i = 3, 4, i.e. π 3 (Q 1 ) ∼ = Z × Z, π 3 (Z 2 ) ∼ = Z. The lemma 11. implies that we may consider Postnikov invariants of dimension equal or smaller to four. We consider a Postnikov tower
for the fibration Q 1 → BK 0 1 → BSO(7), where W 3 is the generator of H 3 (BSO(7), Z) ∼ = Z 2 .
Theorem 11. Let M be a 7-dimensional closed simply connected and connected manifold. Then M admits a global 3-form of type 1 iff there exist classes e, f ∈ H 2 (M, Z) such that ρ 2 (e+f ) = w 2 (M ) and e 2 + f 2 = p 1 (M ).
Proof: The Serre sequence gives exact sequences
In particular we may view α, β as generators of HPseudo-octonions. A choice of a subalgebra A ofÕ isomorphic to H and a vector e in the orthogonal complement A ⊥ with respect to the standard scalar product onÕ gives isomorphism of O with the algebra H ⊕ H via
with the multiplication (a, b)(c, d) = (ac + db, cb +ād).
If we choose a subalgebra A ofÕ isomorphic toH and e as above, then we can identifỹ
(p, q) → p + eq.
3-forms from algebras.
Let g, respg be the standard scalar product on O, resp.Õ. Recall that the quadratic form associated to the standard scalar product is positive definite in the case of octonions and of signature (3, 4) in the case of pseudo-octonions. Then the formula
ω(e, f, g) =g(ef, g)
for a, b, c ∈ O or e, f, g ∈Õ defines a 3-form. In particular ω belongs to the orbit [ω 8 ] whileω belongs to the orbit [ω 5 ].
0.4.3 Subgroups of the exceptional groups G 2 andG 2 .
Let us recall that the exceptional Lie group G 2 is the group of automorphisms of the algebra O. Let us denote the group of automorphisms of the algebraÕ byG 2 .
Subgroup SO(4) 3,4 in G 2 and inG 2 . Let us define an embedding of SO(4) in End(H)×End (H) by the formula
where (p, q) ∈ H ⊕ H. Let us denote the image of φ by SO(4) 3,4 . It is shown in [Y] that SO(4) 3,4 ⊂ G 2 where we identify O with H ⊕ H as in (35). If we identifyÕ with H ⊕ H as in the formula (37), then the formula (42) gives an embedding of SO(4) inG 2 . We denote the image of this embedding also as SO(4) 3,4 .
SubgroupSL(2, R) 2 3,4 ofG 2 . Let us denote bySL(2, R) = {a ∈ GL(2, R)|det(a) = ±1}. Let us denote byS L(2, R)
where Z 2 = {±(1 2 , 1 2 )} and 1 2 is the identity 2 × 2-matrix. We embedSL(2, R)
with a, b ∈SL(2, R) and (p, g) ∈H ⊕H. As in (42), one can easily verify thatSL(2, R) 2 3,4 is a subgroup ofG 2 where we identifyÕ withH ⊕H as in (39) .
From the lemma (9) follows that the group
is a maximal compact subgroup ofSL(2, R) 2 3,4 . We denote this group by T 
where (γ) 2 ∈ SO(2) denotes rotation by the angle γ ∈ R and α + β = θ, α − β = ρ. In particular the connected component of T 2 2,2,2 is isomorphic to SO(2) × SO(2).
0.4.4 Semi-direct product of Groups.
Lemma 8. Let N ⊂ GL(n, R) be a closed subgroup. Suppose that N consists of matrices of the form 1 n + A where 1 n is the identity matrix and A is a strictly upper (lower) triangular matrix. Then the only subgroup N of N for which there exists an N -invariant scalar product on R n is the trivial subgroup. Thus the maximal compact subgroup of N is the trivial subgroup.
Proof: Easy exercise. . Lemma 9. Let G 0 = G 1 G 2 be a semi-direct product of Lie groups. Let K 0 ⊂ G 0 be a maximal compact subgroup. Then K 1 K 2 is a maximal compact subgroup of G 0 where K 1 = K 0 ∩ G 1 , resp. K 2 = K 0 ∩ G 2 is a maximal compact subgroup of G 1 , resp. G 2 .
Proof: Clearly K i ⊂ G i , i = 1, 2 is a maximal compact subgroup and thus also their semi-direct product is compact. Suppose that K 3 is a compact subgroup of G 0 such that K 1 K 2 ⊂ K 3 . Then K 3 /(K 3 ∩ G 1 ) ⊂ K 2 and also K 3 ∩ G 1 ⊂ K 1 but this implies that K 3 ⊂ K 1 K 2 . 0.4.5 More on G 2 -structure.
A G 2 -structure on a closed connected 7-dimensional Riemannian manifold M is a reduction of structure group of the tangent bundle T M of M to G 2 , i.e. it is given by a following commutative diagram of principle bundles
where P is the principle bundle of orthonormal frames with respect to some Riemannian metric on M . It is a well known fact that existence of a reduction to G 2 is equivalent to vanishing of the second Stiefel-Whitney class w 2 of T M , see [Gr] .
Octonionic structure. An octonionic structure on a 7-dimensional Riemannian manifold (M, g) is a smooth bundle map
where R is a trivial real line bundle over M such that ∀x ∈ M there exists an algebra isomorphism between (O, .) and (R x ⊕ T x M, µ x ) compatible with the metric structures.
Lemma 10. Let M be a 7-dimensional closed connected manifold. Then the following are equivalent:
1. there exists a G 2 -structure on M .
2. there exists an octonionic structure in the fibers of T M .
